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Summary

Transductors with series capacitors wn the a. c. circuits create, under
certain conditions, amplitude modulations of all electrical quantities
in the circuits involved. A contribution to the understanding of this
phenomenon is presented, as well as confirming experimental results.

I. Introduction

Transductors in combination with capacitors in their a. c. circuits
are used for several practical applications. As an example may be
mentioned such transductor combinations, utilized for instance in
power regulating circuits, where the transductor is intended to act
like an underexited synchronous motor with very low transient
reactance. This very low reactance is obtained by means of a series
capacitor, which compensates the predominant part of the leakage
reactance. Another example is an equipment for a. ¢. welding, either
by 50 Hz or by the use of tripling elements for 150 Hz, in both cases
using d. c. excitation for regulating purposes, which means that the
magnetic elements to a certain extent act as transductors.

Experimental investigations in the two mentioned fields of trans-
ductor applications have shown that the combination transductor-
capacitor often creates a modulation phenomenon which changes their
whole performance. In the former example mentioned above this
phenomenon is evidently far from desirable. In the latter case, how-
ever, it may open possibilities for static generation of such modula-
tions which are now deliberately generated by rotating machinery for
certain types of welding equipment. Another field of application
where self-sustained modulations may be utilized, is intermittent
illumination, e. g. for signals, signs and show-windows.

It is obvious that a closer investigation of the nature and laws
of this phenomenon is greatly desirable whether the purpose is to
suppress or utilize the same.



The modulati oferred to consists of an oscillation of the ampli-

tude ol vo and current with a frequency of the order of magnitude
[ (o b complete eycles per second. It must be clearly pointed out
n means a real amplitude modulation and not a

sct of subharmonics. The general type of this modulation is shown

that the phenom

.\...‘ .1
ice the oscillogram fig. 37 page 51.

I modes of connection of the transductor and capacitor are
me of these have been mentioned in the literature, in

by fori

ion with a statement of the occurrence of a modulation, but
a closer investigation of the nature of the process does not seem to

menon dealt with here is altogether different from that which is due

citor in the excitation circuit, such as is used in practice for
1 intermittent lighting devices. This latter phenomenon will
It with quite briefly towards the end of this paper.

I1. Fundamental considerations

I1.1 Basic assumptions and harmonic components

ral discussion and theoretical treatment presented in the
are based on certain simplifying assumptions and approxi-

processes in a clear and mathematically correct manner. These

ications, which are by far not unreasonable, can be summarized

as follows:

I. The transductor is a parallel transductor without self-excitation.

2. The resistance and leakage inductance of its a.c. windings are
locted, as well as its active core losses. No hysteresis loop is

thus :;L,L_::OL.

3. The exterior a. ¢. circuit containg a source of sinusoidal voltage,
and a resistor and a capacitor in series.

. c. circuit contains an exterior source of d.c. voltage,
in resistance, while the leakage and exterior inductances

Due to the

| connection, and the resistance and leakage
windings being negligible, the transductor
ns of “natural excitation” or “free current
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Fig. 1. General diagram of circuit, and phasor diagrams.

operation”, see IEC International Electrotechnical Vocabulary.
group 12.

The general diagram of connections of the circuit are shown in
fig. 1a, which also gives the fundamental notations used in the
following. See also fig. 8 a, relating to the special case of parallel
transductor.

As a base for the general treatment of the processes in the trans-
ductor it might be useful to give a brief summary of some wellknown
facts related to the flux and current harmonics occurring in the
windings of a transductor having only two windings, one of them
supplied from an a.ec. source, the other from a d.c. source. As
hysteresis and other losses are neglected all time curves must be

symmetrical around vertical axis’ through the centers of the hall
waves. From this fact, in conjunction with the assumed symmetry
of the elements and circuits, the following rules are easily derived.
all referring to the reference directions defined in fig. 8 a.

1. The fluxes @, och @, contain both odd and even components.

The even components are in phase and the odd components in

counterphase in the two cores. Among the even components is
included the component or order zero.

2. The currents 4; och 7, contain both odd and even comp {s.

The even components are in counterphase and the odd components
in phase in the two a.c. windings.

sequently, the exterior
current ¢ iy | 1, contains only odd components.



3. The current 7, containg

i

even components, including the

ponent ol order zero.

. 'T'he [ in the closed loop formed by the two a.c. windings
containg only even components.

h. The emf, due to the cores but referring to the circuit through
(he a. ¢ source, contains only odd components.

6. 'The emf, due to the core, in the circuit through the d. c. source
contains only even components. .

These rules refer to quasi-stationary conditions, 1. e. steady state
with constant d. ¢. voltage U,, and an a. c. voltage U with constant
due and frequency. Under transient conditions one may, for each
it, use the assumptions of quasi-stationary conditions but with
ne derivative of all amplitudes and phase positions.

pts o and e refer to odd and even components, and M
t instantaneous mmf, then the following relations hold:

If subsc

4 the re

0

+ Ny,

= Ny

Under the assumption that the time derivative of @ passes through
zero only once per half cycle, which is true in all cases of practical
interest, the maximum and minimum values of M thus follow the

rules:

A Ni
i -5 + i,
, > (2)
v Ni
M = N,i, — — + N,

which furnishes the important result:

A

M — Ni (3)

This means that the path in an M- du

n on the

one a. c. cycle, has a project 1 oaxis which is determined

only by the amplitude of the a.c. cw pro

value

jection on the ®-axis is determined by the h:

of the emf only.

Tn case of a series transductor, which is not dealt with here, the
above rules 1— 6 are still valid, yet with certain modifications which
are quite obvious and which need not be repeated here. An important
conclusion is, however, that under the assumptions earlier made
regarding the core and winding losses being neglected the series case
can be deduced directly from the parallel case, simply by using twice
the value of a.c. voltage and half the value of a.c. current. The
following treatment may consequently in principle be understood to
comprise both cases.

11.2 Simplified treatment of the a.c. circuit

Tn order to find an explanation, in principle, of the processes in
a transductor with capacitor and resistor in series and being fed
from an a. ¢. source of sinusoidal voltage, the diagram in fig. 1 a is
used. The voltage U is measured across the a.c. winding of the
transductor, which is supposed to have negligible losses. Only the
fundamental components of current and voltages are taken into
consideration. This means a very great approximation, which is,
however, justified by the aim of the present step of the investigation,
which is purely qualitative.

The phasor diagram of the circuit quantities will be in accordance
with the figures 1 b and 1 ¢, referring to the two cases of Uy exceeding

1

wC

or being less than In both cases the equations (4) are valid:

72 4 722 — 2 Uy XI = U
1 (4)

72 — R2 4 —
L w? 02
This means an ellipse as shown by fig. 2.
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Mg, 2. Load ch teristics for constant voltage U and variable resistance R.

corresponding to R — 0 for different values of U, while fig. 3 b
illustrates the ellipses given by constant R # 0 and different U, the
[atter denoted by the figures 1, 2 and 3.

Next st
2—-38, wi
curve of the transductor. At first, however, the d. ¢. excitation of
the transductor is omitted, the voltage U, thus referring to the
terminals of an ordinary reactor with iron core. If the coordinates
ol the load characteristics denote effective values of current and
», the m:

» will be to combine the curves shown by the figures

1 are called load characteristics, with the magnetization

netization curve, as shown in the figures 4 and 5,

{ a oy )

X=const
R=const

I 30 Graph showing load characteristic of external a. c. circuit.

U,

\f

Iig. 4. Load characteristic superimposed on magnetization curve of reactor with

d. c. excitation. Increasing voltage U.

[ig. 5. Load characteristic superimposed on magnetization curve of renctor withoul

Lo oxceitation,  Docreasing voltage (/)
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Ifig. 6.

it supposed to represent the effective values of the fundamentals of
current. [ and voltage Uy at supply frequency. In fig. 4 and 5 the
load characteristics for given R and X, but different values of U,
arce placed on the magnetization curve in such a way that the inter-

U7 still more makes the points of intersection make a sudden
jump to A4 By as shown in fig. 5. If U is now varied towards lower

values the jump occurs at the points 4, B,, that means at a value
considerably different from that corresponding to the previous jump,
cither above or below, dependent upon the curve shapes. This way
. ing furnishes a clear qualitative explanation of the hysteresis

Note. 1t is understood that if ¥ denotes the straight vertical part, of a curve

5, then the following is supposed to hold:

Vo=V, + &
Ve > V, > Vg

¢ being aosmall positive quantity.

(18 now casy to generalize the investigation to the case of a trans-
ductor. Thig is illustrated in fig. 7, yet with such modification in

relation to figures 4 and 5 that the supply voltage U is now supposed

Lo he cong

i and the d.e. excitation variable. The fulldrawn

aury 1, 2, 3 corres

il to increasing excitation current I, while

»dotted curve 4 shows the situation on the way down. Jumps

Fig. 7. Load characteristic superimposed on magnetization curve of transductor with

variable d. c. excitation.

with hysteresis occur also in this case, just as in the case of the pure
reactor. Obviously the variation could be done also by means of
the supply voltage U or by both U and [/,,.

It should be noticed that in fig. 7 the horizontal distance between
the points of intersection belonging to the same position of the load
characteristic are a measure of the a.c. current irrespective of the
excitation current [7,, relating to that position. This follows from
equation (3) in the preceding paragraph.

If the magnetization curve is understood to be the static curve of
the magnetic circuit it can be drawn to correspond to the current
and terminal voltage in a totally general manner, even if the distor-
tion of the time functions are taken into account. The abscissa
then the sum of the instantaneous values of the external a. ¢. current,
twice the even components of the internal a.c. current, and twice
the d. c. current referred to the same number of turns. The difference
of the maximum and minimum abscissa during an a. ¢. cycle is the

S

peak value of the a.c. current, as explained above. The difference
of the maximum ordinate measures the halt cycle mean value of the

terminal voltage. It thus seems as if the constructions i fig. 4, b

and 7 could be made quite general irrespective of the curve shape,

which is always distorted due to the satu This is, however,

not true, as the load characteristic hag no exact meanimge in the case



rains of thought followed above
itative and involve an approxima-
tion, although they are very useful for the physical understanding of

the phenomena. See further a discussion on this matter in section
IV.3.

I1.3 Influence of d.c. circuit

m the comments to fig. 7 it might seem as if the conditions in
a dransductor with a capacitor in series in the a. c. circuit are the
¢ as those in an ordinary reactor in the same connection, i. e.
involve two regions of operation, corresponding to the figures 1b
and 1 e, between which the transition takes place by jumps with
hysteresis. There is, however, one very important difference. The
d. ¢. circuit is governed not only by its supply voltage and its re-
sistance but also by the emf originated by those variations of the
ul flux of the transductor which are due to the resultant effect

licated. The differential equation of the d. c. circuit contains
the time derivative of the zero-frequency component of the flux
i linked with that circuit, and certain influence is also exerted
by the time harmonics of even order. The general procedure to
study a certain state in the transductor is thus to solve the differ-
onfial equation of the d.c. circuit, the state in the a. c. circuit
at each instant regarded as quasi-stationary. The result is
that under certain conditions jumps occur when either U or I, or
hoth are varied, while under other conditions self sustained oscilla-
15 of low frequency are created, appearing in the electric circuits
as amplitude modulations of great magnitude. Such a state means
the actual combination of supply voltage U and average excita-
m current is not compatible with steady state a.c. conditions
hut necessitates a periodical alternation between two steady states
situated on both sides of the

corresponding to two values of [

{

value \s determined by the d.c. supply voltage U, and the d. c.
r

cireutt r

m>

istance R, , and created by induction effect from the flux
ms. This is the phenomenon which is the object of the present

e treatment of the modulation phenomenon can be made either
al methods, expressing the magnetization curve

cortain curves obtained from me y 4, In the following the

last mentioned method will be dealt with first and also illustrated by

b

I method will then

ly
mental results. Finally a series of oscillograms will be presented and

discussed with reference to the theory.

I1I. Treatment on experimental basis

111.1 Definitions of symbols

As set forth in the preceding section the a. c. supply voltage U

the a. c. terminal voltage U, of the transductor, as well as the current
supplied from the power source to the a. c. circuit, are effective values,
relating to a particular quasi-stationary state. In the preceding
treatment of the a. c. circuit these quantities have been assumed to
be sinusoidal, but as pointed out this is not true in practice. In the
following the symbols U Uy, and I still refer to effective values, the
curve shape being arbitrary.

The symbols I,, and @,, on the other hand, refer to mean values
over an a. c. cycle in a particular quasi-stationary state. The vol
U,, is assumed to be a constant, but adjustable, quantity.

n

T11.2 Classification of characteristic curves

In the preceding paragraphs the relationship between a. c. current
and transductor terminal voltage, using supply voltage, resistance,
and capacitive reactance as parameters, has been denoted as load
characteristic.  Another four characteristics will be useful for the
treatment of experimental results and are defined in the following
table, where for the sake of uniformity the above-mentioned curve
is repeated.

1. Load characteristic:
Up,=Ug ) URX

2. Fundamental characteristic A:

Uy, Uy, (1) I, parameter

"
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S, Fundamental characteristic 13:

\_b \\\\A\v

&, parameter

L. Clonlrol characteristics of transductor:
.._‘v I'= 1 A\Ev
_.v I =1 AQ»EV

as plotted from 1 and 2

as plotted from 1 and 3
both with U R X as parameters

O Magnetization characteristic of control winding:
b, =, (1,) as plotted from 4a and 4 b.

The measurement of voltages and a. c. currents is, as said before,
hased on effective values, no consideration being paid to the distortion.
obviously means a certain approximation which must, however,
ded as unavoidable. The flux is measured by means of flux-
meter, a method without objection, while the control current is

‘ed by moving-coil ammeter, giving the arithmetical mean

I11.3 Measurements on parallel transductor and plotting of curves

In order to clarify the general diagrams of connection the figures
Sa and 8D illustrate the parallel and series transductor without
self-excitation and with only one control winding. In the following
the interest will be concentrated on the parallel tranductor, as has
heen pointed out earlier.
um of connections for the determination of the charac-
the transductor itself, without taking the load circuit
consideration, is shown in fig. 9. The instrument ¥ is a flux-
meter; the other notations ought to be quite clear.
ntly the following two series of measurements are made:

('on
In the first series the current /,, is kept constant at certain values,
and for each such value the supply voltage is varied and the quantities
Uy amd 1 ired. U is plotted against [ with [,, as a parameter.
it is the “fundamental characteristic 47, the general shape

i

ol which is illustrated in fig. 10.
at the “fundamental characteristic B”, using
meter. Fluxmeter measurements are, however,

The next series ¢

4 5

I

nol suitable for keeping a quantity constant, and it is therefore more

Unm

~+A

parallel  transductor

|
a o ! n
[ 1 | B
- L} | nw e
| s
. I )
/ _
/ |
m | )
_ _
e Iz
_ T j
“ [
a. Parallel transductor
series transductor
pt——— 7
_ g
- b =] ¢
=== g
| Ny o mn. N ! = == _
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lm | “ u, { g
| |
|
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b. Series transductor
Fig. 8. Diagram of trans Lor without self-ex n.

I Lost oquipmaent for measurcment ol feansduetor data
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10, FFundamental characteristic 4. Fig. 11. Auxiliary curves for plotting

fundamental characteristic B.

4

X=const X=const
R=0 R=const

& RB=0 b. R#0

» function I=1 (1,,)

1
: ]
d
/
Y-
K
n o &n
a, =0 b. R:#£0
Fig. 14. Graphs showing the function -1 (D,,)

convenient to regulate the supply voltage and the current /,, so as

to keep Uy constant at certain values, while measuring I and @,,.
Plotting I against @, with U; as a parameter gives an auxiliary
set of curves as shown in fig. 11. From these curves the fundamental
characteristic B can be plotted by using corresponding values of
I and Uy, on vertical lines in fig. 11. The resultant curves are shown
in fig. 12.

From now on the load characteristics, as given by the figures 2
and 3, can be introduced. Combining an actual load characteristic,
related to certain values of U, R and X, with the curves in fig. 10,
the relation I = I (I,) is obtained. The result is illustrated in the

figures 13 a and 13 b. The same operation on ives the relation

[ —= 1 (®,) and is shown in the figures 14 a and 14 bh. Finally, a
combination of the figures 13 and 14, i.¢. ¢ | elimination of
the current [ from these curves, furnishes the ° wetization charac-
teristic of the control winding”, @, - @ (I, the type shown

15 a and 15 b.

in the figurc

The magnetization characteristics of the cont

obtained have a surpr

W constitute o

» shape

ro the iter

relationship. Peculiarities of these curves
slope or negative inductance of the control circuil.

later the existence of these int

on ol self-sustaimed modu




a b

# , #n

X=const
R=const

In
&, R=0 b. R#0

Mg 1h. Graphs showing the magnetization characteristics of the control winding,
SEH@E (In)-

Belore en

into the study of the background of the modulations
it might be of interest to quote some figures from measurements on an

isductor.

he transductor used for the experiments is characterized by the
900; N = 860; f = 50 Hz, and by the normal magnetiza-
stic of each core as given in fig. 16. For the load

500
g wal

200 y \

200
1o =
0 50 0o 50 200 250 300 30 400 N 4504

Mg 16, Normal moe stic of transductor used for experimental

0
[
s
100

60

60

40

20

, L |
BB 0 0 ¥ 6 8 a2 # dw

Fig. 17. Measured fundamental characteristic A.

0 @ 04

circuit a series capacitance (! = 60 yF" has been used, corresponding
to X = 53,1 2. For the load resistance the values were R — 0 and
B =10,18. The load characteristics used in the graphical proce-
dures were based on the values U = 0, 10 and 20 V and U — 15.
20 and 25 V, for the two respective values of R.

The results of the measurements and the plotted curves are il-
lustrated by the figures 17—24, the following correspondence being
established between these figures and the general figures referred to
in the above:

Fig. 10 fig. 17, 20a, 20 b
» 11 » I8
y 12 » 19, 21a, 21 b
» 13 » 22a, 22b
y 14 » 23a, 23b
» 15 » 24a, 24 b

The figures 20 a, 20b, 21 a, 21 b illustrate the « ination of

fundamental characteristic and load characteristic.
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U100

\ Fig. 19. Fundamental characteristic B obtained from measurements.

0 | 0 @ W 0 B 0 L # 6 B W 2 HIpm
\

N\
{/ a0 300 400 5008, ]

rod auxiliary curves for fundamental characteristic B.
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= e

a. Real eircuit b. Equivalent circuit

Iig. 25. Diagram of control circuit.

III.4 Conditions in control circuit

(‘onsidering the circuit diagram given in fig. 25 a and assuming
{hat the circuits are operating in principle under conditions of “free
eration”, the quantity 2 NV, @, represents the magnetic
[lux interlinked with the control o:;oEF érmsasm 2N @, is the flux
interlinked with the loop of the two series-connected a. ¢. windings.

rrent

Denote by [, the resultant excitation current of the transductor
consisting of the current from the d.c. supply together with the
rrent in the above-mentioned loop, reduced to the number
- turns INV,,. The resistance of this loop is B,. According
res 25 a m:& 25 b the following relations hold:

imduced
ol windi
Lo the fig

& GS D’
et =
(5)
which gives:
a s d @2 )
~\ mr :: NE |T 2 r) - &m \ ACV
whore:
§ R, :
n \n:\ ‘_; \Nww‘ L m— @ U n
’ Aﬂv
R,
R &, =g R

mr \.» _ }vc e & “Ym

gl

heen

1O US

In the p alt with
understood as the a. c. current outside the closed loop formed by the
transductor a. ¢. windings. The differential equation (6) of the control
circuit contains the circulation current in the loop and thus completes

phs the

the set of relations necessary for solving the problem of the processes
in the transductor, when connected to the a. c. and d. c. sources and
having the impedance elements R and X in series on the a. c. side.

T11.5 The phase-plane analysis of control circuit

The equation (6) of the control circuit can be rewritten in the form

. Nw::L - N\,ﬂ
@E = T \Nr)ﬂ NE Ag\:V += I N

m m
a0,
dt
denotes that I, is a function of @, according to the curves in the
figures 15 or 24.

The relation between the first time derivative of a function and the

mr

(8)

where @ ,and I, (D,,)

. 18 the symbol of the first time derivative

function itself, i. e. the expression &s (@,), is known as the phase
portrait of a system, and the plane of coordinates @, &s is called
the phase-plane.

According to this nomenclature, eq. (8) and the curves referred to
describe the phase portrait of the control circuit of the transductor

under consideration. Due to the linear relation (8) between @, and
I,, the shape of the graphical phase portrait is exactly conform to
the shape of the magnetization characteristic of the control winding,
figures 15 or 24. Instead of I,, one has to use the expression in the
right hand side of eq. (8), giving the multiplication by a negative factor
and the addition of a positive term dependent on U ..

In fig. 26 are presented graphs of the phase portraits relating to the
three most typical shapes of magnetization characteristics, and for
some significant values of the transformed control voltage [
Practically, these graphs take into account all possible conditions of
the transductor operation when the capacitive load is predominat

Kach one of the three columns (a, b, ¢) in fig. 26 corresponds to one
single combination of U R X, specifically relating to one case of fig
15 a and two cases of fig. 15 b. Within each column the cases di
U
R

m

by the value of



\

so portraits.,

The notations used 26 have the following meaning:

segments of the phase path, the locus ol all

possible points of stable equilibrium.

lllllll a segment of the phase path, along which, for given
value of control voltage, the working point can
move during a transient state, including modula-
tions.

R a segment of the phase path which, for given value
of control voltage, can not be attained by the
working point, neither during steady state nor
during a transient.

- —  asegment of the phase path, which is excluded from
being attained by the working point for all values
of control voltage and under all conditions.

— « — « — . — asegment of a jump in phase path
) a point of stable equilibrium
s an area bounded by a stable limit cycle

All the properties of the circuits indicated on the graphs of fig. 26
are the logical consequences of the two self-evident rules:

1. Positive @, corresponds to a rising value of @, and vice versa.

Lo

The time intervals of the jumps, when the working point has been
forced to leave the phase path. can be regarded as zero.

Thus, according to the same graphs, there are in steady state the
following possible modes of operation of the transductor under
consideration:

1. For all initial conditions there is one and only one stable point,
cases 26 a,a; b; by e cy.

S

There are two stable points depending upon the initial conditions,
cases 26 a,aza, b, by.

3. For some initial conditions there is a stable point, for the others a
stable limit cycle, cases 26 by cy.

4. For all initial conditions there is only a stable limil cycle. cases
26 b, c,



occur stable oscillations of the flux @, and consequently
ent [, as well as of the a. c. current [ and the
: ross the various elements of the a. ¢. circuit. These oscilla-
tions can be said to be of the so called relazation type. 1t must be noted
at the oscillations on the a. c. side do not have the character of
subharmonics but are actually amplitude modulations, just as men-
tioned in the introduction. The origin of the phenomenon of self-
vined modulations in transductor circuits with capacitor in the

. . cireuit is thus qualitatively explained.

the excitation e

I11.6 Conditions for occurrence of self-sustained

modulations

I'rom fig. 26 it is obvious that a stable point always corresponds to
dd,

g s F S
the conditions @, = 0 and ———
do,,

evident by definition, and the second follows from the rule that positive
derivative with respect to time means rising flux, and vice versa.
All stable points are consequently situated at the intersection of a
yping branch of the phase portrait with the abscissa axis. In depen-
dence of the shape of the phase portrait (or of the @ -1, -curve

rding to fig. 15) and of the actual value of the stationary excitation
U

m . . . . .
current " there exists or does not exist a point of intersection of

< 0. The first condition is self-

the said type. If such a point does not exist (fig. 26 b, ¢,) oscillations
occur for any initial state. 1f one or more stable points exist and can
wed from any initial state, then no oscillation takes place.
', there are cases (fig. 26 b, ¢;) when a stable point exists but

CHNe O8(

state. I
modulation cycle it oscillates with modulation frequency around its
\,, g

I

i

OWwWn

sh

(7 R and X, where the condition for

Kor « h coml

e of the phase portrait, i. e. for

—sustained mod

fultilled, the total range of stationary-excitation current comprises

\yvt\
a certain range of modulations, within which modulations are possible.
N\\i\w:
In such cases where for certain values of oA stable point exists but

e
is not attainable from any initial state, the range of modulations may

be subdivided into one sub-range of absolute modulations, where modula-
tions necessarily occur, and one sub-range of conditional modulations,
where modulations do or do not occur, dependent upon the initial
conditions. Examples are shown in the figures 27 a and 27 b, related
to the second and third column in fig. 26.

The general problem to formulate a criterium, involving charac-
teristical data of the transductor and the circuits, for the possibility
of self-sustained modulations seems to be very difficult or at least
very complicated. One feature is, however, interesting to note. The
theoretical case B = 0, furnishing a load characteristic which consists
of two traight lines, makes the phase portrait take a shape which
permits stable points starting from any initial state, that is prevents
modulations. In practical cases a certain resistance always exists,
even if not deliberately introduced in the circuit, but a non-negligible
value of this resistance is a necessary condition for the occurrence of
modulations. On the other hand, a very high resistance prevents such
modulations.

Another conclusion, which arises from a comparison of the figures
15 and 26, is that, for given value of the resistance R, the modula-
tions will be possible only for a certain range of the a. c. voltage U.
As can be easily shown, the upper limit of this voltage is determined,
with some approximation, by the condition that the load characteristic
is tangent to the fundamental characteristic corresponding to the
parameter [, — 0.

ni
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anges of modulation. Second colummn in fig. 26.

Fig. 27 b. Graph illustrating ranges of modulation. Third co
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a. Real cycle. b. Cycle transformed for
calculation of time intervals.

28. Modulation cycle in phase portrait

[I1.7 The frequency of modulation

When the graph of a certain state of modulation is known in the
shape given by fig. 26, it is easy to compute the total period 7, in

cconds, of the modulation cycle. The relation between @, and @,
be written:

&ei :
, At - =5 AUS (P (9)
or integrated over a cycle:
dad,
= T (10)
ot @35 A@3¢V ;

Introduce the substitute function:

1
Wi} =
\ A :~v @ Agﬁ:v Ahy_rv

m

and plot ¢ (@) against @,,. The integral (10) is the shaded area in
lig. 28 b where 28 a shows the stable limit cycle taken from fig. 26.
The freq

cy of modulation is then expressed as:

— -
=g (12)

[t should be noticed that fig. 28 b also gives information regarding
the time mtervals of hi the
the area below the @, -axis, and vice
omeeq. (8).

respectively low values of / and [

hi 2

mterval of

[V. The analytical method

1V.1 Analytical representation of the magnetization curve

Among all those analytical expressions which have been used or
proposed for approximating the magnetization curve of a core the
following seems to be most suitable for the present purpose and will
be used in this paragraph:

2 Ni=«xsinhp @, (13)
where x and 5 are constants characteristic for the core.

The analytical treatment is considerably simplified by the use of
dimensionless quantities which makes it possible to present all rela-
tions in a universal form. The dimensionless quantities are denoted
by the usual symbols, yet with asterisks. The relations between
dimensional and dimensionless quantities in the present case are as
follows:

o o N "
P2t
&
‘N — = \uw
(14)
s ey TR
.Nss \ r)«i N§
1
@E = @wm
p

For a given iron core, the magnetization curve of which is known,
the constants x and f are determined from assumed coincidence in
two points, besides the origin. One point is suitably chosen some-
where below the knee and the other in the region of saturation.
Denote these points by 4 and B, and the corresponding coordinates
of the real curve by (Ni), (@), (Ni); (D,,) 5. The relations are then:

— AM(J@va — 4 MW:—H \w A@Ev;

_ (Ni)y — xsinh 5 (D),



10

Within the i

q s ~
sinh g, ~ - ¢

b

i3
5 Uam

liquations (15) thus become:

I

with the solution:

S
&
|
—~| =
Sy
g

|~ sinh (@),

sinh (D,

T
I'he

nool the pomty A and I3 we can approximate:

(16)

(17)

(18)

sition from the universal curves to the curves for a given

transductor is illustrated by the following example, referring to the

N = 860

@ = 29~ H0 =314

netization curve shown in fig. 16.

e the following points are taken:

o

"

35 A _ (N)p = 350 A
| (@,)

s 4551075 Wh

wductor used for the experimental investigation, as mentioned
in section I11.3. This transductor is characterized by the

The experimental curve

N

— 5

A / The analytical approximation

a N

Fig. 29. Experimental and analytical magnetization curves.

Eq. (18) now gives:

In 10
g — — = 12,5- 10> Wb !

From eq. (14) is computed:

Uy =152 07 ¥
T =266-103][% A
I, =2,54-1031F A
@, =80-107¢d* Wh

A comparison between experimental and analytical curve is shown
in fig. 29.

1V.2 Equations of universal fundamental characteristics

In this section a mathematical theory will be developed, referring
to the transductor itself with a.c. voltage assumed sinusoidal, i. e.
neglecting its harmonics. All quantities are expressed in the dimen-
sionless form according to eq. (14), and the magnetization curve is
represented by the expression (13). For the sake of simplicity the
asterisks, denoting the dimensionless quantities, are left out.

Assuming the resistances and leakage reactances of the transd
as negligible the following equations are valid for the instantancous

values of the quantities relating to the two transductor elements.



_ .
1o the electric cireuity

_ 2 ddy
2\\
) dl
(19)
V2 do,
Uy, — — ?
& 1@ dt
Ifor the magnetic cireui
y, + 7, = sinh @,
) ) ) 20
b, — 1, = sinh @, =
Assume:
wy — U, _Mxmm: ot (21)
Integration of eq. (19) by the aid of (21) then gives:
D =@, — D cos ot
(22)

A
Dy, =D, | Dcoswi

ZAY
amplitude @ being, in the dimensionless system, identical
Lo the effective voltage U,. @, is so far an arbitrary constant.
I order to compute @, it is practical to add eq. (20) and substitute

from eq. (22). This furnighes:

. . . . A
2y, 4 (iy — 4y) = sinh [@,, — @ cos o ¢+
- sinh [@, + @ cos w t] — 2 sinh ®,, cosh ?w cos o t] (23)
By instead subtracting eq. (20) the result is obtained:

. A

¢ =sinh [®,, — D, cos w ] —

4

2 A
sinh [@,, | @ cos o #] — — 2 cosh D, sinh [D cos w t]  (24)

I expansion formula states that:

A
1, (D) cosnat

— .,\\\ [(ERON4 \: Aa\\wv _‘ N
o , " . (25)
¢ , [,(P)+2 X (—1)"I, (DP)cosnwt

where [ s

"

¢ modified Bessel function of order s,

D9

(- expressions turng equations (23

x

The use of these

imto the form:

24, + (4 — ty) = 2sinh @, [I, AQ\WV Fe2 1, T\wv Ccos 2wl |
T (26)
+ 21, (D)cosdwl | ... .|
1 = — 4 cosh @, [, A&,v cos ot -+ I, va cos3wit+ ....] (27)

In eq. (26) the constant term must be the same on both sides,
consequently:

=1, ?N\J sinh @, (28)

"

where. in order to avoid confusion with the symbol of moditied
Bessel function the notation I/, is introduced for the mean value of
the current on the d. c. side.

Eq. (28) gives:

[

’
NSN

/
cosh @, = \ 1 4 Va5 29
osh @, /14 () (29)

and consequently the a.c. current ¢ can be deduced from eq. (27):

1= — 4 ;,,: -+ \ ?w‘v [ A@Joﬁ ot+ 1, A%voom Swt+...] (30)

The effective value of the fundamental of the a. ¢. current is thus:

AL I,
I=2)2 |/ 1+|—"| 1, (® 31)
) + I (®) 1 (D) (

or after returning to the notation U and reintroducing the notation
with asterisks:

J \‘\\1‘ - \* o
1 | I, (U¥) (32)

\% 91 o
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Fig. 30. Universal fundamental characteristic 4.

Replacing the square root by its expression according to eq. (29)
the following is obtained:

I* = 2] 2 [cosh @F] T, (UF) (33)
The two equations (32) and (33) give the wniversal fundamental
characteristics A and B of the transductor.
IF'or constant parameters 7¥ and ®F they furnish the universal
;_:: nsionless correspondence to the curves earlier illustrated in the

ires 17 and 19, and also correspond to the actual numerical experi-

=
S
8
S

120 R7] 160 190 200

ristic /3.

mental curves shown in fie. 20 and 21. The universal curves accord

to eq. (32) and (33) are given in the figures 30 and 31. A comparison
between fig. 20 and 21 on one side and fig. 30 and 31 on the other
show very good similarity in general shape, and also good numerical
agreement after introduction of the transition coefficients from eq.
(14).

IV.3 Influence of harmonics

It is of interest to study the ratio of resultant effective value of
the a.c. current to effective value of its fundamental. The former
value can be written, according to eq. (30):

o |

ey a0 _\ L, (UDE (34)

N\b n=1

The ratio to be investigated is consequently:

\ \vw _ \M\ N‘w\l ‘~«* 2 o~
f\ i vw‘uw} S :Nﬂ AN\JMV et ﬁ 21 —1 A - h:: A.WLV

n=1

A formula from the theory of Bessel functions states that:

n=1

which gives:

When estimating the order of magnitude of the errors introduced
by replacing the real currents by their fundamentals, as has been
done in the whole of the preceding approximate theory, it is, how-
ever, more adequate to study the ratio of peak values instead
effective values. This is due to the fact that the width of the region
of magnetization curve covered during each a. c. cycle is determined
by the peak value of the external a.c. current I, as is understood
from eq. (3). According to eq. (30) the ratio of resultant peak value
to peak value of fundamental is:
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I, 320 Graph of quantities k, and kp showing influence of harmonics on effective
and peak value of a.c. current.

[n this case there does not seem to exist a general formula corres-
to that presented in eq. (37), but the ratio k, can easily
uted from tables of functions, as the series in eq. (38) is
ly convergent.

I'he graphs k, =k, (U}) and k, =k, (U%) are presented in fig.
32, They show that for high saturations the influence of harmonics

i of the order of magnitude of 10 and 50 per cent relating to k, and
k, respectively. This confirms the opinion that the theory presented
i the paragraphs IT—IIT involves a fairly rough approximation.
The errors are, however, at the same time proved not to be so large
that the methods employed, using only the fundamentals for the
external cireuit and the resultant effective values for the transductor,
are not justified in view of their necessity in order to obtain a clear
view of the physical processes and their approximate quantitive
relations. As a matter of fact, the experimental verifications quoted
h 'V show an agreement with the theoretical results
» neglecting the effect of harmonics, which may seem
g in view of the high values of particularly the ratio k,.

~

IV.4 Relation between transductor circuit and external circuit

The universal fundamental characteristics of the transductor,
to equations (32) and (33) as well as figures 30 and 31,
stical means for expressing the properties of

When combining the fundamental characteris-

ties with the |
{he 20 and 21

cteristics, as has been done in for instance in

. the load characteristics must, however, be

(b from equ ng the proper coef

the curves of the fundamental characteristics of the transductor, if
these are presented in their universal form. As is easily derived from
the equations (4) and (14) the appropriate equation of the I
characteristics is:

N |loNX \  w2N2R?
/o — —

% I T* _ ] S - [J*2 s
i xZ V2 pz bie 2 p2Z2 UL
(41)
o N? X \‘3 R
al EE_ — = I L / § - P — <ww
V2apzlZ o 2

the formula being given as an explicite solution for [* in order to
correspond directly to the shape of the equations (32) and (33).

V. Experimental verification

V.1 Basic data

In order to check the theoretical train of thoughts developed above
a rather extensive series of experiments has been carried out in the
laboratory of the Division of Electric Machinery at the Royal Institute
of Technology, Stockholm. In the following selected examples of
these series of measurements will be made subject to numerical
examination and discussion.

The diagram of connections is shown in fig. 33.

Fig. 33. Diagram of connections of test equipment for oscillographic measurements.
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T"he re

current within

arements  and oscillographic  records  (except the
: CA8) woere made with the same data of the equipment
were quoted earlier in connection with the examination of the
1 theoretical and experimental curves. Below is
ke of completeness, a table of numerical data: _

All the men

ization characteristic according to fig. 16.

Number of turns on a. c. side of transductor element N = 860.
D:o on d.e. side N/ﬁ; =900

Resistance of the two a. c. windings in series R, = 4,6 .
Series capacitance O = 60 ¢F, which means X = 53,1 Q.
I"requency | = 50 Hz.

Load resistance R = 10,1 .

A. ¢. voltage (sinusoidal) U = 15, 20 and 25 V.

V.2 Experimental results

. 34 are plotted the theoretical (lines and crosses), and experi-
mental (circles) control characteristic corresponding to the supply
o [/ -~ 15 V. They agree fairly well with respect to the range
of modulation as well as to the ranges of stable equilibrium.

All the oscillograms presented in the following have the various
quantities placed from top to bottom in the same order and were
taken in the same scale. The succession of quantities and the results
of calibration are seen from the oscillogram fig. 35, which also shows
(he ceneral character of the time functions of the cited quantities.
It was taken for the parameters U = 20V, I, = 0,5 A and for the
o point lying on the upper branch of the control characteristic
(see fig. 23 b).

U

m

[for U 15V a series of oscillograms was taken, the current 7

g
o from 0,065 A to 0,37 A, these values corresponding to
5 just below and just above the range of modulation. The states
librium in these two points are illustrated in fig. 36.
oscillograms were taken at values of the magnetizing
e of modulations. Only two of them are
- an example of stable modulations with

niod he
the magnetizing current 0,18 A and fig. 38 showing unstable modula-
ow the upper limit of the range, the current being 0,36 A.

The reason for this instability will be discussed further below.

A
20

U=1500v] X - characteristic points of
X=831[%] thearetical curve
R=101/%] o - experimental points

theareticol range
o medulation [/

9 i N
experimental S@m\
of modulation

a6 L h \\‘J

0 g g2 43 97 B @5 L g w

Fig. 34. Theoretical and experimental control characteristics.
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L6

s 0,060 A I 037 A show, with increasing 2
decre: e interval of low a. c. current i
time interval of high a.c. current (time
»results are illustrated in the following table, showing the M\\ﬁ ﬁ S
of a.c. cycles per interval, as counted directly on the
n. and the modulation frequency f,, . Wm
e 50 T 50 Top fm =~ ! . " i
Ry | e L Tar + Tep il
T L W “ e "o
, ! amim
57 10 0,75 _ /\
31 23 12 1,43 ,, 0 ; ¢
9,28 f .. . 1,67 , X point of the unstable !
38 036 | 6-10 l4—44 | 2,50-0,08 | y 7 sl
As a check the method of computing the time values 7',, and
T, which has been exposed in section TT1.7, fig. 28, was applied
on the case illustrated in fig. 37. The actual numerical conditions are
own in fig. 39. The surface above the abscissa axis gives 7', = 0,42
and the surface below that axis \Nfb — 0,26, This means: Fig. 40. Phase portrait explaining origin of unstable modulations.
50 T, 5 = 21
50 Top = 13 : . . - . e -
! I'o explain the instability of the modulation frequency for W‘M =
fun = ‘mﬁ s || EaE = 0,36 A, i.e. for the current corresponding to the upper limit of

the range of modulation, let us plot in qualitative form the phase
portrait of the system, fig. 40. For these conditions, the system has
two points of equilibrium: one stable, and one unstable (point ().

-1 < 7 = . . T
Z TJ<.._ B From practical point of view, the operation in point (' is possible

4 only during a very short period of time, after which the working
3 s point must leave point (', passing either to the right, i.e. toward
2 & the point of stable equilibrium, or to the left, i. e. it will make one
1 oscillation and then come back to point C'. Of course, under such

) _ i ) P | conditions, the frequency of modulations as well as the modulations
q 100 | 200 300 400 MWD themselves cannot be stable. This applies to any such case of limit
T magnetization current, where the right hand bottom, or the left

G hand top corner of the limit cycle corresponds to a point of unstable

equilibrium, the time derivative @, being theoretically zero with
t evele, positive derivative with respect to @,,.

on ol time from t od stable 1
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Mg 1 Modulations when 1, is raised up to the point of unstable modulations. Only

unstable modulations appearing.

The oscillogram fig. 38, referred to above, presents a case where
the frequency of modulation varies, due to the explanation given,

from 2,50 Hz to 0,93 Hz.
Very interesting are the oscillograms shown on fig. 41 and 42.
They were taken under the same conditions, viz. for U/ = 15V and
\,u:\
for » changed from 0,06 A to 0,36 A, i. e. to the value corresponding
g g

n

to the point of unstable equilibrium. In spite of the same conditions,
i fig. 41 there is only a series of modulations of unstable frequency
(like on fig. 38), while in fig. 42 we have got just after one period of
luli 1 the spontaneous transition from the modulation range to
the state of stable equilibrium. Physically, this transition was caused
QS@»

Ry

sented above, the time intervals 7',
riod are both equal to zero. The oscillo-
35 and 41 show, however, that this rule holds with
Home approximation

by some random fluctuations of the quantity

Accor
i
and 7'y,

vramg of

to the theory

wdulation |

the transition from

AL
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Ifig. 42. Modulations when [, is raised up to the point of unstable modulations. Stable

equilibrium attained.

the interval of high currents to the interval of low currents, i. e. from
point D to point A4, there appear damped oscillations in voltages,
currents and fluxes. The frequency of these oscillations is, of course,
forced by the parameters of the a.c. circuit of fig. 33. Generally,
the character of transitions from point B to C, and from D to A,
or shortly the character of jumps during modulations, is of exactly
the same character as the jumps observed in the usual (/, = 0)
ferro-resonance circuit. This property is confirmed by oscillograms
presented on figs. 43 and 44, taken for I, = 0, and for U changed
from 0 to 75V (fig. 43), and from 34V to 0 (fig. 44), i. e. for the voltage
U changed in such a way that it contains the values corresponding
to the points of jumps, viz. U =74V and U = 20V respectively.
The transition from the modulation range to the state of stable
equilibrium is shown by the oscillogram of fig. 45. It was taken
Un
\NWS@
voltage U raised from 15V to 20 V. The phenomenon is in full
agreement with what could be expected from fig. 24 b.

for the constant value of the current = 0,26 A, and for the
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Fig. 44. Jump when regulating voltage
to high U to cause transition from high to low

current. [,,=0.

value of the voltage U — 20V and for the current \mz\ chanced in
the first case from 0,50 A to 0,70 A and in the second case from 0,35 A
to 0,25 A. In both cases the initial conditions were chosen in such
a way that during the transients the working point should pass
through the region of negative inductance of control windings (see
fig. 24). Fig. 22 gives a clear explanation of the lowering of the
current / in the first case, and its rising in the second case. Generally,
the character of transients agrees very well with the theoretical time
characteristics which may be predicted from figs. 22 and 24,
Particularly interesting is the oscillogram presented in fig. 48.
It refers to the load resistance B = 17,4 . The value of capacitance
was kept on the unchanged level (X = 53,1 8). The oscillogram was
Unm
R,
slowly, at approximately constant rate, from 0 up to 0,7 A. It gives
a clear illustration of the case where the magnetization characteristic
of control windings is of the type presented in fig. 27 a. TIndeed,
contrary to the oscillograms presented on figs. 36 and 42 the range
of modulation is in this case succeeded by a range of stable work
with the load current being of the order of magnitude of the resonance

U
current | ~ I, = B

taken for the constant value of U = 33,5V and with

raised
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Series of stable modulations succeeded by stable equilibrium in the neighbourhood of resonance.

Fig. 48.
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\'I. Special problems
VI.1 Self-excited transductors

T'he preceding treatment has been entirely confined to transductors
without self-excitation. 1f self-excitation exists, and particularly in
the case of auto self-excitation, i. e. at 100 per cent self-excitation, the

This is understood from the following reasoning:

* for example the case U/ = 15V in the figures 22 b, 23 b
and 24 b. The stable limit cycle, creating modulations, is due to the

of the slope of the curve section B—D in fig. 24 b. This slope

er hand due to the different shapes of the fulldrawn curves in
iwes 20 b and 21 b, the curves in the former case having a
point of inflexion and a steeply rising section, which is not the case
for the latter curves. The steeply rising section is due to the “current
(ransformer effect” of a transductor without self-excitation.

An auto self-excited transductor, on the other hand, shows a
mutually similar shape of the curves Uy = Uy, (1) at I,, — const. and
the curves Uy, = Uy (I) at @,, = const. Both are of the type cor-
g to fig. 21 b. In this case there would not have been any
seetion B—1D of the curves in the figures 22 b and 23 b having oppo-
. of their slope, and consequently no section B—D in fig.
24 b with a slope of the type necessary for the creation of a stable
[

it cycle.

Practical tests have also confirmed that auto self-excited trans-
ductors only in very special cases give rise to self-sustained modula-
tions. They are consequently to be preferred when such modulations
are to be avoided, and have to be left out of consideration when the
n effect is desired.

modul:

V1.2 Capacitor in the d.c. circuit

taken on the same transductor as was used for the experiments quoted
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Fig. 49. Diagram of connections of modulating device using capacitor in d. c. circuit.
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Fig. 50. Modulations created by capacitor in d. c. cire
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» Lransitions  between high and low current, is less
in this > than in the system with capacitor in the

=

Conclusions

The modulation phenomenon in transductors having capacitors in
their a. c. circuits has been investigated by theory and experiments,
particular reference to parallel transductors of the non self-
excited type. By a procedure involving experimental measurements
of certain fundamental relations, plotting of combined curves, and
physical considerations, a clear explanation of the phenomena has
heen attained. This procedure is based on certain approximations
with respect to the influence of harmonics. Ixperimental verifica-
mainly by means of oscillograms, have, however, proved good
‘ement between actual results and conclusions from the theoretical
reasoning.

A purely mathematical method, employing Bessel functions, has
heen briefly indicated.

It has also been shown that the results obtained are equally valid
i the case of series transductors without self-excitation. Self-excited,
and particularly auto self-excited, transductors are on the other hand
far less favourable for use in circuits where modulations are desired,
and consequently more advantageous in cases where any tendency
for crea modulations must be suppressed. In practical applica-
tions where for other reasons non self-excited transductors have to
be used in combination with series capacitors the treatment in the
paper furnishes a basis for dimensioning so as to obtain desired
ties regarding self-sustained modulations, although the condi-
tions are too complicated to permit the formulation of a simple and
universal ceriterium for the appearance or non-appearence of such

loyal Institute of Technology, Stockholm,
Division of Blectric Machinery,
June 1959,
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